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ABSTRACT: Recent progress in sequencing technologies makes it possible to identify rare and unique variants that may be
associated with complex traits. However, the results of such efforts depend crucially on the use of efficient statistical methods
and study designs. Although family-based designs might enrich a data set for familial rare disease variants, most existing rare
variant association approaches assume independence of all individuals. We introduce here a framework for association testing
of rare variants in family-based designs. This framework is an adaptation of the sequence kernel association test (SKAT)
which allows us to control for family structure. Our adjusted SKAT (ASKAT) combines the SKAT approach and the factored
spectrally transformed linear mixed models (FaST-LMMs) algorithm to capture family effects based on a LMM incorporating
the realized proportion of the genome that is identical by descent between pairs of individuals, and using restricted maximum
likelihood methods for estimation. In simulation studies, we evaluated type I error and power of this proposed method and
we showed that regardless of the level of the trait heritability, our approach has good control of type I error and good power.
Since our approach uses FaST-LMM to calculate variance components for the proposed mixed model, ASKAT is reasonably
fast and can analyze hundreds of thousands of markers. Data from the UK twins consortium are presented to illustrate the
ASKAT methodology.
C 2013 Wiley Periodicals, Inc.
Genet Epidemiol 37:366–376, 2013. 
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Introduction
Genome-wide association studies (GWAS) have identified
hundreds of common variants that appear associated with
complex diseases or related traits, but these common variants
explain only a small proportion of heritability for most diseases [Dickson et al., 2010; Eichler et al., 2010]. Re-sequencing
is now being used to characterize genetic diversity between individuals, and is well known to identify substantial amounts
of rare genetic variation. For example, sequencing of the
melatonin receptor MTNR1B in almost 8,000 individuals
identified 40 rare variants, and furthermore type II diabetes
risk was shown to be associated with the rare genetic variation
in this gene [Bonnefond et al., 2012].
As a result of the low frequency of many of the genetic
variants identified by re-sequencing, statistical methods that
†
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test single genetic variants one at a time have very low power
for detecting associations. Consequently, many approaches
have been developed recently that consider simultaneously
a group of rare variants in a chosen region of interest. In
this context, the primary hypothesis is that multiple genetic
variants in the chosen region could have influence on the
disease or trait of interest.
Many of the proposed methods for testing region-based
genetic associations are based on the idea of constructing
a linear combination of a sequence of r rare variants that
summarizes the information across the variants. Then association is tested between the linear combination of genetic
variants and the target phenotype, often linking the two by
(generalized) linear models [Li and Leal, 2008; Lin and Tang,
2011; Madsen and Browning, 2009]. Due to the rarity of the
variants, usually the weights of the linear combination are
chosen in advance, and some methods allow the incorporation of quality scores for each variant [Daye et al., 2012;
Lin and Tang, 2011; Wu et al., 2011; Yi and Zhi, 2011]. Wu
et al. [2011] proposed a score test (called SKAT [sequence
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kernel association test]) looking for the effects of any of the
(rare) genetic variants in the chosen region. They also showed
that the significance levels could be evaluated asymptotically,
without need for permutations. Their method is essentially
a mixed model where the random component is the genetic
variation at the region of interest and the fixed component
includes any other covariate effects.
In GWAS of single nucleotide polymorphisms (SNPs),
analysis of families or related individuals is often performed
through the use of linear mixed models (LMMs) that account
for the relationships; these LMMs can also be used to control for population structure and cryptic relatedness [Hayes
et al., 2009; Kang et al., 2008; Yu et al., 2006]. Relationships
between individuals can be either known, or estimated from
the marker data. Estimated kinship matrices have been used
in several LMMs [Aulchenko et al., 2007a; Hayes et al., 2009;
Kang et al., 2010, 2008; Yu et al., 2006]. Yu et al. [2006] generalized the concept by using a fixed effect covariate to correct
for population structure, based on a matrix which measures
the population admixture proportions, together with a random polygenic effect for marker-based family relatedness.
When the kinship matrix is estimated from marker data,
even individuals not known to be related can have nonzero
kinship, and so the mixed model depends on a matrix of
size N × N, where N is the number of individuals. Hence,
implementation with thousands of individuals and millions
of markers leads to heavy computations for the estimation
of the model parameters (i.e., the variance components). To
remedy this problem for family-based designs, Aulchenko
et al. [2007a] proposed to first estimate the random component of the mixed model to correct for relatedness, and
to construct approximately uncorrelated residuals that can
then be used to test for association at a large number of
SNP markers using a simple trend test. Kang et al. [2008]
proposed an efficient mixed-model association (EMMA) for
population-based designs including a random effect to allow
for nonspecified genetic effects and fixed effects for an SNP
of interest. Compared to Yu et al. [2006], the EMMA method
increased computational speed and improved the estimation
of the variance components by achieving near-global likelihood optimization. Kang et al. [2010] considered an EMMA
expedited approach (EMMAX) that also reduced the computational time for large GWASs. Similar to Aulchenko et al.
[2007a], Kang et al. [2010] estimated the variance components only once for a given data set, and then used these
components to calculate a generalized least squares estimate
of each marker effect. More recently, Lippert et al. [2011] obtained increased computational speed by spectral factoring
of the large matrices in a mixed model (FaST-LMM where
FaST is factored spectrally transformed). However, all the
above methods focused on common variants and single-SNP
analyses.
Methods for the analysis of family-data for region-based
rare variant tests have been lacking to date. Lin and Tang
[2011] stated without detail that it would be possible to extend their approach to family-based data using generalized
LMMs (GLMMs). However, they did not show any results
of such an extension. Here, we extend the SKAT approach of

Wu et al. [2011] to test for region-based rare variant associations while allowing for correlation between individuals due
to relatedness, and combine this with the spectral factoring of
Lippert et al. [2011] in FaST-LMM for computational speed.
Our approach, which we term ASKAT (adjusted sequence
kernel association test), captures sample structure based on
a LMM that incorporates the proportion of the genome that
is identical by descent (IBD) between pairs of individuals.
The IBD proportions can either be calculated using the expectations based on familial relationships, or estimated from
the covariances of genome-wide allele counts between pairs
of individuals. This latter is termed the realized relationship
matrix (RRM) [Amin et al., 2007; Astle and Balding, 2009].
We test the association between a continuous phenotype
and a group of variants within a given region using a variancecomponent score test, and adjust for relatedness through an
additional random polygenic effect. We calculate the score
statistic using restricted maximum likelihood (REML), and
thus our score statistic does not depend on fixed effects.
Furthermore, the test depends only on the estimates of the
variance components under the null model. Since the IBD
proportions are either based on family structures or estimated from whole genome marker data, we assume that the
variance of this additional random effect is the same across
the genome. Therefore, we need to estimate the variance
components only once during the mapping, under the null
model.
Performance of this approach is demonstrated in simulated data of families of varying size. In addition to the simulation results, the performance of ASKAT is demonstrated
through single-SNP analyses of one chromosome in a cohort
of twins, where we show that the type I error is appropriately
controlled.

Methods
Notation and Model Setup
Let Yi , i = 1, . . . N represent a continuous phenotype measured on N individuals. The individuals may belong to families, but for simplicity we do not introduce a second subscript.
For subject i, let X i = (X i1 , . . . , X im )T be a vector of m covariates. In addition, assume there are V loci that influence the
phenotype Y, and that at each locus, there are r v genetic vari(v)
(v) T
ants that have been genotyped. Let G (v)
i = (G i1 , . . . , G ir v )
represent the minor allele counts at r v variant sites in the vth
genomic region of interest. We are interested in constructing a test that considers jointly the r v variant sites at one
locus.
Although testing for genetic associations is usually performed one locus at a time, the “true” model for phenotype
Y may depend on many genes [Kang et al., 2010]. Suppose
that the true model explaining the genetic contributions to Y
can be written as
Yi = μ + X Ti η +

V



G (v)
i

T

β(v) + E i ,

(1)
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v =1

where μ is the general mean, η = (η1 , . . . ηm )T is a vector of
(v) T
fixed effects for the covariates, β(v) = (β(v)
1 , . . . βr v ) is a vector of regression coefficients for the genetic variants, and E i
is a random error which is assumed to be independent and
identically distributed across individuals, with mean zero and
variance σe2 . In many tests of association for either common
or rare SNP effects, testing is performed at one locus v 0
and the
subsumed into the error term, so that
 others are
T (v) +
E i . In fact, this implies that the erẼ i = Vv=v 0 {G (v)
i } β
rors of the assumed model are no longer independent and
identically distributed, and hence this model is inherently
misspecified. We can therefore argue that the misspecified
model ignores the polygenic background of the phenotype,
and thus the phenotype distribution will depend on the sample structure. It follows that even in the absence of known
family relationships, that it may be important to account for
polygenic genetic background.
Adjusted Sequence Kernel Association Test (ASKAT)
We consider here a genetic LMM which captures the polygenic inheritance by using kinship coefficients. These can be
either the expected kinships based on family data, or the estimated kinship coefficients from genomic data [Kang et al.,
2010; Lippert et al., 2011; Yu et al., 2006]. Since we focus on
a specific region, we are assuming that the effects of the other
regions are absorbed into the polygenic variance. Simplifying
the notation a little, the model (1) can be rewritten as
Yi = μ + X Ti η + G Ti β + P i + E i ,

(2)

where β = (β1 , . . . βr )T , and P i denotes the polygenic random
effect which accounts for the other loci affecting the trait; P i
is assumed to have a normal distribution with mean zero and
variance σg2 .
Ignoring dominance effects, the contribution of the
genome sharing between individuals i and j in the covariance
can be written as
Cov(Yi , Yj ) = Cov(P i , P j )

2
= ij σg ,

where  is an N × N matrix with entries reflecting the proportion of the genome that is IBD between pairs of individuals. If the individuals belong to a set of known families, this
could be a block diagonal matrix containing expected IBD
proportions. For instance, between full sibs, the predicted
proportion of the genome that is IBD is 1/2, 1/4 for grandparent-grand-child pairs, and 1/8 for cousins. However, the
matrix can also be estimated from the realized proportion of
the genome that is IBD between pairs of individuals (RRM)
based on a large number of genotyped markers spanning the
genome [Amin et al., 2007; Astle and Balding, 2009]. Provided that a sufficient number of markers is used, the matrix
 can be estimated with a high degree of precision [Astle
and Balding, 2009; Hayes et al., 2009]. In fact, since there is
known to be variation in the amount of the genome shared
IBD between relatives, the RRM may be a more accurate estimate of the IBD proportion than the prior expectation based
on known relationships.
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A similar model, without the polygenic random component, forms the basis of the tests proposed by several other
groups ([Daye et al., 2012; Lin and Tang, 2011; Wu et al.,
2011; Yi and Zhi, 2011] and others). In these methods, the
variants in a chosen region are linked to the phenotype under
study by
Yi = μ + X Ti η + G Ti β + E i .

(3)

Due to the assumed rarity of the causal variants, it may
be impossible to estimate all the coefficients βr . Therefore,
in SKAT [Wu et al., 2011], β is treated as a random vector following an arbitrary distribution with mean zero and
variance
Var(β) = τW,

W = diag(w 1 , . . . , w r ),

(4)

where τ is a variance component and W is an r × r diagonal
matrix of the weights to be used for the r variants. In this
context, testing for β = 0 is equivalent to testing τ = 0, and Wu
et al. [2011] proposed to do this via a variance-component
score test. A key advantage of the score test is that it fits only
the null model, i.e., a standard regression model in this case.
After correcting an error in Equation (3) of Wu et al. [2011],
the score test statistic is
Q =

(Y – μ̂)T K (Y – μ̂)
,
2σ̂e2

where K = G T WG , G = (G 1 , . . . , G N ), an r × N matrix, μ̂
and σ̂e2 are the predicted mean and the mean squared error
of Y under H0 , respectively. Wu et al. [2011] noted that the
matrix K measures the genetic similarity between individuals
in the region by using the r variants.
The idea of our proposed method is to assume that β
satisfies (4), to add the residual polygenic random effect to the
model and to test for H0 : τ = 0 using a variance-component
score test in the extended LMM (2). The variance-covariance
matrix of Y, the vector of all N individuals, is given as
Var(Y) = τK + σg2  + σe2 I N ,
where I N denotes the identity matrix. Since we are implementing a variance-component score test, we calculate the
score test statistic based on the REML function, which finds a
translation invariant score statistic that does not involve fixed
effects. Standard elementary algebraic calculations [Searle,
1979; Rao and Kleffe, 1988; Quaas, 1992] show that the REML
score statistic can be given under the null model as
1
Q = Y T P 0 K P 0 Y,
2
where

(5)


–1
P 0 = 0–1 – 0–1 X 1 X T1 0–1 X 1 X T1 0–1 ,

and
0 = σg2 USUT + σe2 I N

X 1 = (11N , X ),

where X = (X 1 , . . . , X N )T and 11N refers to the vector of 1’s
of dimension N. The matrices U and S satisfy  = USUT , the
spectral decomposition of  [Lippert et al., 2011].

The computational challenge is the estimation of the variance components σg2 and σe2 , since the computing time for
solving (2) increases with the cube of N. The advantages
of our approach are: first, since it is a score test, only the
null model (β = 0r ) needs to be fit. The statistic Q depends only on the estimates of the variance components
σg2 and σe2 under the null model. Second, spectral decomposition of  facilitates greatly the calculation of the inverse 0–1 = U(σg2 S + σe2 I N )–1 UT , since (σg2 S + σe2 I N ) is a diagonal matrix. Moreover, to estimate the variance components
under the null, we suggest the FaST-LMM program which
is computationally optimized. Finally, since the estimated
kinship matrix is based on genotype data from the whole
genome, and since we assume that each locus explains only
a very small amounts of the trait heritability, we assume that
the polygenic variance component is the same across genomic
regions. Therefore, the variance components only need to be
estimated once.
The key insight behind the spectral decomposition is that
it projects individuals to uncorrelated directions under the
null (τ = 0). Indeed, one can easily verify that the variancecovariance matrix of UT Y can be written as
Var(UT Y) = τUT K U + σe2 D,

(6)

where D is a diagonal matrix given by D = (σg2 /σe2 )S + I N .
Thus, the matrix K̃ = UT G T WG U can be viewed as a known
weighted linear kernel function which measures similarity between individuals in the whole genome. Hence, K̃
controls for family relationships and population structure
simultaneously.
The weight matrix W plays the same role here as in the
SKAT model. As discussed by Wu et al. [2011], different formulations for K̃ , obtained by changing the weight matrix W,
will alter power, and will be optimal for different genetic models. Type I error, however, is protected for any choice of the
weights. Wu et al. [2011] discussed in detail several choices for
the elements of the matrix, w r . In the presence of sequencing
errors, a quality-weighted multivariate score association test
(qMSAT) was proposed by Daye et al. [2012]. This approach
incorporated subject-variant sequencing quality scores (e.g.,
the probability of a given rare variant genotype being correctly called for a given subject) into the unweighted version
of the SKAT model, and showed a substantial gain in power
over current methods, including the unweighted version of
SKAT.
The score statistic Q given by (5) is a nonnegative quadratic
form of Y. If we assume that σg2 is known, then under the
null hypothesis, Q ’s distribution is a mixture of chi-square
distributions. Under this assumption, both empirical and
exact methods can be used to calculate the P -values [Davies,
1980; Duchesne and Lafaye De Micheaux, 2010; Liu et al.,
2009]. Although this is not exact since σg2 is unknown, in our
simulations, we did not see evidence for departures from this
expected distribution.
Lin and Tang [2011] proposed a general framework for
detecting disease associations with rare variants. They assumed that the β given in (3) is a fixed effect which satisfies

√
√
β = τw 1/2 , w 1/2 = ( w 1 , . . . , w r )T . Thus, R i = G Ti w 1/2 is
the weighted linear combination of G ij , j = 1, . . . , r with G ij
√
receiving weight w j . These authors also proposed testing
H0 : τ = 0 using a fixed effect score test. Their score statistic
is given by
QL =

r

√

w j (Y – μ̂)T G .j ,

G .j = (G 1j , . . . , G nj )T ,

j =1

where μ̂ is the predicted mean under the null given in (5).
Note that the SKAT statistic given by (5) can be written in a
similar way as

r
2

1
QSK AT =
w j √ (Y – μ̂)T G .j ,
2σ̂e
j =1
where σ̂e2 is the mean sum of square error of Y under H0 of
the SKAT model (3). Rather than prespecifying the weights of
variants as the SKAT approach, Lin and Tang [2011] estimated
the weights from the data. If the choice of the weight vector
w 1/2 is not proportional to the true β or is estimated using
data, then Q L is no longer the score statistic. However, Lin
and Tang showed that regardless of how w 1/2 is estimated,
the statistic Q L is asymptotically normal under H0 , as long
as ŵ 1/2 converges to a constant vector as the sample size
N increases. Although they mentioned that their approach
could be extended to family data, no details are given.
Aulchenko et al. [2007a] developed an approach for familybased quantitative trait loci (QTL) association analysis called
“genome-wide rapid association using mixed model and regression” (GRAMMAR). This method first fits the background model (2) without any genetic SNP data, then obtains residuals once the polygenic variance component σg2
has been estimated. The association between these residuals and the genetic variants is then estimated using standard least-squares methods (simple regression models). This
two-step method leads to conservative results, and this tendency is more pronounced for traits with higher heritability
[Aulchenko et al., 2007a]. Although GRAMMAR was developed for single-SNP analyses, it is worth noting that it is
possible to use GRAMMAR’s residuals in SKAT or in another
existing region-based test after adjusting for family structure.
However, as for single-SNP tests, the region-based tests are
conservative.

Results
Simulation Studies
Here, we show results of several simulation studies to illustrate the methodology presented in the previous sections
and demonstrate the performance of the proposed method.
Performance here is measured by both type I error and power.
Family-Based QTL Simulation
In all simulations, we assumed the genetic model (2)
containing L disease susceptibility loci (SNPs or sequence
Genetic Epidemiology, Vol. 37, No. 4, 366–376, 2013
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variants), where the lth SNP has two alleles denoted by dl
and D l with frequencies f l and (1 – f l ), respectively, (dl is the
susceptibility allele):
Yi = μ +

L


G il βl + P i + E i ,

l =1

where μ is the general mean and P i and E i are the residual
polygenic and the environmental components which are
normal with mean zeros and variances σg2 and σe2 , respectively. G il is the number of the risk alleles dl , carried by the
ith subject, at the lth locus. The scalar βl ∈  represents the
effect of the susceptibility alleles; thus, the effect of allele
dl on the trait is assumed to be additive (i.e., carrying one
copy of dl adds βl to the mean of the traits). The effect βl is
assumed to be the same for each family and its magnitude is
explained in term of the lth locus QTL-heritability, h 2Q TL (l) ,
according to the following relationships:
h 2Q TL =

L


h 2Q TL (l) ,

l =1

h 2Q TL (l) =

σQ2 TL (l)
L


,

σQ2 TL (l) + σg2 + σe2

l =1

σQ2 TL (l) =

2f l (1 – f l )β2l ,
L


h2 =

l = 1, . . . , L ,

σQ2 TL (l) + σg2

l =1
L


(7)

,

σQ2 TL (l) + σg2 + σe2

l =1

σQ2 TL (l)

where
is the lth locus additive genetic variance, h 2Q TL
is the proportion of the trait variation that is explained by
the region under study, and h 2 is the total trait heritability
including both the region and the polygenic effects.
Simulation Under a Single Locus Model
For our first simulations, we set L = 1, and we simulated a
single quantitative trait locus influencing the continuous trait

Y. Note that since standard family-based association tests do
not handle simultaneously a group of SNPs, this single locus
setting is used to compare our approach with two existing
family-based association tests, FaST-LMM [Lippert et al.,
2011] and GRAMMAR [Aulchenko et al., 2007a], which scale
efficiently to GWAS but which analyze only a single SNP at a
time.
Specifically, for this simulation, we assumed
L = 1,

f 1 = 0.01,

σe2 = 1,

μ = 3.

To calculate the type I error and the power, we assumed the
QTL-heritability h 2Q TL (1) = 0 under H0 , and h 2Q TL (1) = 0.01
under H1 . We conducted simulation studies with a sample
size of N = 1,160 and we varied the total trait heritability:
h 2 ∈ {5%, 35%, 60%}. Using these parameters, we generated 160 families; 40 families of two parents and one child,
40 families of two parents and two children, 40 families of
two generations (eight subjects per family), and 40 families
of three generations (14 subjects per family). We performed
1,000 simulations for power and 5,000 simulations for type
I error. To simulate genotypes at the SNP locus, we used
the SIMULATE program [Terwilliger et al., 1993], and we
used the theoretical kinship matrices to simulate the normal
polygenic effect P .
For each method, we calculated the proportion of simulations rejecting the null hypothesis at the given significance
threshold α (the empirical P -value or type I error), and also
the power at the given α, where the P -values are calculated
using the Davies approximation.
From Table 1, it can be seen that our method and
FaST-LMM control the type I error well. However, as expected, SKAT rejects the null hypothesis more often than
expected, and the inflation of type 1 error worsens as h 2 increases. In contrast, the GRAMMAR approach is conservative
and fewer simulations reject the null hypothesis than would
be expected. Table 2 demonstrates the power to detect singleSNP associations, assuming that the asymptotic thresholds
for rejection are accurate. ASKAT and FaST-LMM have similar power, both much better than GRAMMAR, especially as
h 2 increases. Of course, part of the improvement is due to
the conservativeness of the GRAMMAR approach. However,
both ASKAT and FaST-LMM can be seen to be comparable

Table 1. Type I error rates for single-SNP association tests in simulated family data. The table shows the proportion of 5,000
simulations where the test statistic exceeded the expected quantile at level α. Our method (ASKAT) is compared to SKAT, FaST-LMM
(F-L), and GRAMMAR (GR)
h 2 = 5%

h 2 = 35%

h 2 = 60%

α Level

ASKAT

SKAT

F-L

GR

ASKAT

SKAT

F-L

GR

ASKAT

SKAT

F-L

GR

0.1
0.05
0.025
0.01
0.005
0.0025
0.001
0.0005

0.101
0.048
0.023
0.01
0.005
0.0028
0.0012
0.0002

0.109
0.056
0.028
0.012
0.006
0.0036
0.0018
0.0006

0.102
0.048
0.024
0.011
0.005
0.0028
0.0012
0.0002

0.091
0.045
0.027
0.008
0.002
0.0016
0.0003
0.0000

0.096
0.052
0.025
0.01
0.005
0.0026
0.0016
0.0008

0.149
0.089
0.056
0.029
0.015
0.0098
0.0052
0.0032

0.097
0.052
0.025
0.01
0.005
0.0026
0.0016
0.0008

0.053
0.019
0.008
0.003
0.0006
0.0000
0.0000
0.0000

0.112
0.052
0.025
0.008
0.004
0.0028
0.001
0.0002

0.195
0.127
0.08
0.04
0.026
0.016
0.009
0.006

0.112
0.053
0.025
0.009
0.004
0.0028
0.001
0.0002

0.018
0.005
0.001
0.0002
0.0000
0.0000
0.0000
0.0000
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Table 2. Estimated power for single-SNP association tests in simulated family data. The table shows the proportion of 1,000
simulations where the test statistic exceeded the theoretical quantile at level α. ASKAT is compared to SKAT, FaST-LMM (F-L), and
GRAMMAR (GR)
h 2Q TL = 0.01
h 2 = 5%
α Level
0.1
0.05
0.025
0.01
0.005

h 2 = 35%

h 2 = 60%

ASKAT

SKAT

F-L

GR

ASKAT

SKAT

F-L

GR

ASKAT

SKAT

F-L

GR

0.939
0.881
0.820
0.743
0.658

0.927
0.885
0.827
0.764
0.689

0.929
0.882
0.821
0.746
0.659

0.899
0.850
0.783
0.670
0.594

0.897
0.833
0.769
0.682
0.604

0.904
0.842
0.797
0.740
0.672

0.897
0.833
0.769
0.683
0.605

0.597
0.455
0.349
0.226
0.149

0.897
0.831
0.750
0.653
0.584

0.893
0.835
0.779
0.710
0.644

0.897
0.833
0.750
0.654
0.586

0.296
0.173
0.097
0.044
0.021

or slightly more powerful than SKAT, and this despite the fact
that SKAT’s tests are slightly liberal in these simulations.

Table 3. Type I error rates for region-based tests using five SNPs
in simulated family data. The table shows the proportion of
simulations where the test statistic exceeded the expected
quantile at level α, using 10,000 simulations for ASKAT and 1,000
simulations for SKAT

Simulation Using Multiple SNPs
The previous set of simulations compared the efficiency
of our proposed ASKAT with respect to SKAT, FaST-LMM,
and GRAMMAR at a single SNP. Since rare variants are typically studied in groups, we conducted several simulations
with several causal variants, i.e., with L > 1. We simulated
160 families using the same family sizes as before. The trait
heritability ranged h 2 ∈ {5%, 35%, 60%}, and we assumed
σe2 = 1 and μ = 3. For each subject, L = 5 rare variants were
simulated using the SIMULATE program, with allele frequencies: (f 1 , f 2 , f 3 , f 4 , f 5 ) = (0.01, 0.01, 0.003, 0.01, 0.001).
To calculate the type I error under H0 , we assumed the total
QTL-heritability h 2Q TL = 0. Under the alternative hypothesis,
we generated three different parameter settings for groups
of causal SNPs. Setting I included a group of five SNPs with
only one rare causal variant. Setting II included a group of
five SNPs with two rare causal variants, where the two causal
variants have opposite effects on the trait Y. Finally, Setting III included a group of five rare variants where all were
causal. In each of the three settings, two values were used
for the total QTL-heritability: h 2Q TL ∈ {0.01, 0.02}. In addition, to simulate variants in close proximity, we allowed
for linkage disequilibrium (LD) among the variants. The
SIMULATE program parameterizes the LD by the square of
the correlation, r 2 , between two adjacent SNPs. In our simulations, we varied the strength of LD between SNPs using:
r 2 ∈ {0, 0.4, 0.8}.
Table 3 shows the type 1 error for the region-based tests
using ASKAT (using 10,000 simulated data sets) and SKAT
(using 1,000 data sets). As was seen in Table 1 for single SNPs,
the ASKAT approach adjusting for polygenic variance leads to
good control of type I error even when heritability is very high
and the α levels are small. This accuracy is reassuring, given
that σg2 is estimated and hence the distributional convergence
is not exact.
To examine power for a multivariant region in families, we
have compared the power of the multimarker-based ASKAT
test to the minimum P -value from FaST-LMM across the
five single-SNP tests. An empirical estimate of the significance level for the FaST-LMM minimum P -value was ob-

h 2 = 5%

h 2 = 35%

h 2 = 60%

α Level

ASKAT

SKAT

ASKAT

SKAT

ASKAT

SKAT

0.1
0.05
0.025
0.01
0.005
0.001
0.0005
0.0001

0.112
0.045
0.032
0.016
0.009
0.001
0.0006
0.0001

0.116
0.046
0.034
0.017
0.009
–
–
–

0.093
0.053
0.026
0.011
0.007
0.001
0.0004
0.0001

0.252
0.163
0.114
0.060
0.042
–
–
–

0.117
0.056
0.031
0.014
0.006
0.001
0.0008
0.0000

0.348
0.248
0.182
0.113
0.078
–
–
–

tained via permutation. To preserve family relatedness, each
permutation randomly assigned one of the two parental haplotypes at each meiosis, consecutively down the pedigree.
We assumed no recombination within the five-SNP region.
Founders’ haplotypes were kept the same as in the original
simulated genotype data.
Table 4 shows power in 1,000 simulated data sets, for both
multiple-variant ASKAT and for the FaST-LMM minimum
P -value approach. In all the three settings, the gains in power
for the multiple-variant ASKAT vs. the adjusted FaST-LMM
minimum P -value approach can be quite substantial, especially when the locus-specific heritability is higher and in the
presence of LD.
Note that the simulation studies conducted here were based
on the theoretical kinship matrix calculated directly from the
pedigree structure. Even when pedigrees are known, the estimated kinship matrix, based on marker data, may better
reflect the true unobserved genomic sharing than the expectation computed from pedigree structure, because of the
variability in actual genetic sharing in families [Myles et al.,
2009; Zhu et al., 2009]. Thus, we can expect that the model
(2) based on the estimated kinship matrix, , may be more
powerful than the model using theoretical kinship values.
Analysis of a Large Data Set Containing Related
Individuals: The UK Twins Consortium
The Twins UK cohort was collected to study the genetic
and environmental etiology of complex traits and diseases
Genetic Epidemiology, Vol. 37, No. 4, 366–376, 2013
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Table 4. Power comparisons for tests of association using five rare variants in simulated family data. The multiple-variant ASKAT test
(ASK) is compared to the empirical power of the minimum P-value across five single-variant FaST-LMM tests (F-L). The table shows the
proportion of 1,000 simulations where the test statistic exceeded the expected quantile at level α. The LD among SNPs is based on the
square of the correlation coefficient between two SNPs, r 2 . The total trait heritability and the region QTL-heritability are, respectively,
h 2 and h Q2 T L
α = 0.05
r2 = 0
h 2Q TL

α = 0.005

r 2 = 0.4

r 2 = 0.8

r2 = 0

r 2 = 0.4

r 2 = 0.8

h2

ASK

F-L

ASK

F-L

ASK

F-L

ASK

F-L

ASK

F-L

ASK

F-L

0.05
0.35
0.60
0.05
0.35
0.60

0.43
0.37
0.38
0.60
0.57
0.56

0.42
0.41
0.44
0.56
0.57
0.59

0.64
0.64
0.62
0.79
0.78
0.79

0.38
0.39
0.41
0.63
0.62
0.66

0.82
0.82
0.81
0.92
0.92
0.92

0.62
0.60
0.64
0.77
0.77
0.80

0.21
0.20
0.18
0.42
0.38
0.37

0.16
0.16
0.17
0.28
0.29
0.32

0.44
0.40
0.39
0.67
0.65
0.62

0.28
0.29
0.32
0.34
0.35
0.37

0.65
0.61
0.61
0.84
0.83
0.83

0.27
0.30
0.34
0.50
0.51
0.55

0.05
0.35
0.60
0.05
0.35
0.60

0.37
0.34
0.33
0.58
0.54
0.54

0.32
0.30
0.36
0.47
0.47
0.50

0.50
0.45
0.45
0.70
0.67
0.65

0.46
0.40
0.34
0.52
0.53
0.54

0.60
0.54
0.53
0.81
0.77
0.79

0.47
0.47
0.49
0.64
0.62
0.65

0.16
0.12
0.14
0.35
0.31
0.31

0.10
0.09
0.12
0.19
0.19
0.23

0.22
0.17
0.19
0.47
0.41
0.42

0.12
0.12
0.14
0.23
0.24
0.26

0.28
0.23
0.24
0.58
0.52
0.52

0.17
0.19
0.18
0.32
0.32
0.34

0.05
0.35
0.60
0.05
0.35
0.60

0.34
0.27
0.19
0.92
0.86
0.87

0.23
0.22
0.26
0.39
0.40
0.48

0.43
0.37
0.41
0.91
0.89
0.86

0.27
0.31
0.30
0.47
0.50
0.52

0.47
0.44
0.42
0.92
0.90
0.89

0.36
0.35
0.38
0.57
0.55
0.60

0.18
0.08
0.04
0.70
0.64
0.63

0.05
0.05
0.06
0.11
0.11
0.15

0.18
0.16
0.16
0.72
0.67
0.67

0.07
0.08
0.09
0.18
0.20
0.21

0.23
0.19
0.20
0.77
0.75
0.73

0.11
0.11
0.12
0.24
0.26
0.29

Setting I
0.01

0.02
Setting II
0.01

0.02
Setting III
0.01

0.02

[Andrew et al., 2001; Richards et al., 2008]. Using 2,197 individuals from this cohort for whom genome-wide genotype
data and adiponectin measurements were available, we analyzed the associations between this trait and SNPs on chromosome 3, organized by gene. The adiponectin protein is
coded by the ADIPOQ gene on chromosome 3. The complete
Twins UK cohort contains both monozygotic and dizygotic
twin pairs, but here we analyzed 928 dizygotic twin pairs
and 341 individuals with no known family relationships to
other cohort members. Associations between SNPs in the
ADIPOQ gene and adiponection levels have been demonstrated by several GWAS [Heid et al., 2010; Hivert et al.,
2008; Ling et al., 2009; Menzaghi et al., 2007; Richards et al.,
2009], and these associations were confirmed recently by a
very large meta-analysis for adiponectin, undertaken by the
ADIPOGEN consortium [Dastani et al., 2012]. The data analyzed here were part of this meta-analysis, and hence we
expect to see association at this locus.
We analyzed 61,227 common SNPs grouped into 1,135
genes on chromosome 3. Although this method has been developed for analysis of rare genetic variation such as would
be found from sequencing analysis, it can also analyze SNPs
with larger minor allele frequencies. To calculate the average
of IBD sharing estimates between all pairs of individuals, we
used GenABEL [Aulchenko et al., 2007b] to obtain the estimated kinship matrices for each chromosome, and then we
averaged these matrices across the 22 autosomes. Following
Dastani et al. [2012], the adiponectin phenotype was first adjusted for BMI, sex, and age, and the residuals were used in the
analysis. We then performed gene-based association analysis
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using our approach as well as SKAT for the 2,197 individuals. Moreover, we created a smaller data set including only
unrelated individuals, by removing one subject from each of
the 928 dizygotic twin pairs, and we used SKAT to analyze
this new data set (unrSKAT). Figure 1 shows the QQ plots for
these three methods across the genes on chromosome 3. As
expected, inflation of significance can be seen for SKAT, but
for ASKAT, the distribution follows the expected null very
well. The smaller data set containing only unrelated individuals (unrSKAT) displays control of type I error, however,
substantial loss in power can be noticed due to the reduced
sample size. The signal at the ADIPOQ gene, which contains
19 SNPs in this study, is clearly visible (ASKAT P -value =
1.69×10–7 ).
In addition, we took the five genes with the strongest signals on chromosome 3, and directly compared the ASKAT
multisite test to the empirical significance for the minimum
P -value across all variants in the gene. We used FaST-LMM
to perform the single-SNP analyses, thereby ensuring that we
adjusted for the familial relationships, and using permutation
to obtain the empirical significance level for the minimum P value. Table 5 demonstrates a small power increase for each of
these genes by using the multivariant test rather than a series
of univariate tests, and the benefit of ASKAT can be expected
to improve if there are more associated variants with small
minor allele frequencies where univariate power is negligible.
The data used for analysis included mainly common SNPs.
However, for the ADIPOQ gene, there were two markers with
minor allele frequency less than 5% among the 19 markers,
and so we also used ASKAT to analyze only these two rare

Figure 1. QQ plots comparing P -value distributions, obtained from gene-based association tests for adiponectin levels using ASKAT, SKAT,
and SKAT in unrelated individuals (unrSKAT), across chromosome 3 data from the Twins UK study. − log10 (P )-values are plotted against their
expectations.

Table 5. Comparison of the five most significant gene-based
ASKAT P-values to the corresponding P-values obtained by the
minimum P-value approach. The minimum P-value is calculated
across the single-variant ASKAT tests of all SNPs within a given
gene, and empirical significance for the minimum is obtained by
permutation analysis
Gene
ST6GAL1
PVRL3
KNG1
EIF4A2
ADIPOQ
a

No. of SNPs within gene

ASKATa

Minimum P-valuea

25
31
22
10
19

4.18
4.21
4.85
4.95
6.77

3.78
3.31
4.48
4.79
6.12

Results are shown as –log10 (P-value).

variants at this gene. Our resulting Q statistic was 89,063
(asymptotic P -value of 0), whereas the same two SNPs analyzed by SKAT gave a Q statistic of 2,086 (P -value 1.1×10–11 ),
indicating very strong evidence for association between these
two variants and adiponectin.

Discussion
We have developed and implemented a new method for
rare variant association tests that adjusts for related individuals. This method is based on the variance components
idea of Wu et al. [2011] and also incorporates calculation
efficiencies used in Fast-LMM Lippert et al. [2011]. The
method can use either a theoretical or an estimated kinship
matrix to adjust for the relatedness between individuals in
the sample, and we have used an efficient one-step LMM
approach for estimation. As illustrated in our simulation
study, ASKAT’s type I error is well controlled under a range
of different heritabilities, and we have further demonstrated
that our approach has good power.
We have shown that ASKAT can be more powerful than
a permutation-corrected minimum P -value approach, especially if there are multiple signals in the same region of analysis. Since our proposal is an extension of the SKAT test for
rare variants to family-based designs or sets of related individuals, all features of SKAT remain available for ASKAT. For
example, the ASKAT model can include covariates. Moreover,
Genetic Epidemiology, Vol. 37, No. 4, 366–376, 2013
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ASKAT could be combined with collapsing approaches to improve power (i.e., collapsing some of the rare variants based
on some prior knowledge or expectation, and then applying
ASKAT to the collapsed variants). Different weights can be
incorporated to give more emphasis to particular genotypic
patterns. Permutation may not be needed for evaluation of
significance levels for ASKAT, since the Davies approximation
seems to give acceptable approximations to the P -values in
our simulations; however, it should be noted that the Davies
approximation assumes that the locus-specific variance is
known. In contrast, the minimum P -value approach always
requires the use of permutations within families.
The test of association uses a score test statistic, and hence
calculation only requires fitting the null model. With the
REML variance-component score test, the null model is a
one-way ANOVA random model which depends only on
variance component parameters that can be estimated efficiently with FaST-LMM. Our algorithm currently takes
10 sec to analyze a single region of 100 rare variants with
1,000 individuals, and 20 min to analyze these 100 variants
with 5,000 individuals, on an Intel Xeon 2.4 GHz blade (Supermicro and DELL). Furthermore, we have developed an
ASKAT wrapper to enable calculations in parallel. Using this
wrapper, we have recently performed gene-based analysis at
7,654 genes on approximately 800 individuals from large families. This analysis, on a multiblade linux system, took 10 h
and used 49 h of computation time. However, we acknowledge that the program will run more slowly for larger data sets
of related individuals, since the computation time scales with
the cube of the kinship matrix dimension. ASKAT software is
available at http://www.mcgill.ca/statisticalgenetics/software.
We have illustrated ASKATs performance in gene-based
tests of chromosome 3 genotyping data from the Twins UK
consortium. We acknowledge that our illustrative example
is not ideal, but data sets containing sequencing data from
large numbers of related individuals are still uncommon.
Although we have been developing the ASKAT method for
use in sequencing studies that include individuals from Twins
UK, those data are not ready at this time.
Some extensions of this model can be considered. Since
ASKAT is an LMM-based approach for family designs, it
could be generalized to analyze multivariate phenotypes.
Unfortunately, estimating variance components under the
null model in the multivariate case is a challenge, since the
null model becomes an unbalanced one-way random model.
However, explicit, and computationally efficient ANOVA estimates of these variance components in multivariate familybased designs are given by Oualkacha et al. [2012].
LMMs have also been used to control confounding due
to population structure and cryptic relatedness [Kang et al.,
2010, 2008; Lippert et al., 2011; Yu et al., 2006; Zhang et al.,
2010]. In this paper, we have focused on family-based designs, however, it should be possible to extend ASKAT in
order to control for population stratification while performing rare variant association tests. Lin and Tang [2011], in their
population-based data analysis, controlled for population
structure by using the first five principal components, constructed from GWAS SNP data, as covariates in the model (3).
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Kang et al. [2010] demonstrated that principal component
methods can capture some, but not all, of the sample structure, and they further showed that LMMs can provide better
control of population structure and hidden relatedness than
principal component approaches. Moreover, when dealing
with rare variants, the relevance of the principal component
analysis approach to population stratification adjustment is
not clear [Baye et al., 2011]. Our ASKAT uses LMMs to handle region-based rare variant association for family-based designs and the extension to population-based designs will be
a concern of future work. A naive implementation of LMMs
in this context may not be adequate, however, since the confounding due to population substructure may be different for
rare and common variants [Mathieson and McVean, 2012].
Rare variant analysis may be adversely affected by sequencing errors. For instance, a few minor alleles mistaken as major can involve a loss of power [Daye et al., 2012]. Daye
et al. [2012] proposed a powerful qMSAT that incorporates
subject-variant sequencing qualities. Extending ASKAT to allow quality weights might lead to additional gains in power.
In this paper, we focused on quantitative traits. For dichotomous traits, the model (2) is a GLMM with two random
effects (i.e., two variance components, τ and σg2 ). The null
model is also a generalized linear model with the polygenic
random effect P , and the maximum likelihood estimate of
the variance component σg2 under H0 requires the evaluation
of difficult integrals [Goldstein, 2003]. For standard GLMMs,
global and individual variance component score tests are derived by Lin [1997]. However, taking into account the family
structure and using IBD sharing between individuals to control for the family effects in a GLMM requires careful thought
and development. This is an ongoing project.
Our approach does not correct for selected ascertainment,
i.e., when the studied families are not randomly selected from
the population, but instead are sampled based on the phenotypes of some family members. Appropriate ascertainment
corrections are challenging [Vieland and Hodge, 1995], and
analysis of an ascertained sample without appropriate correction can lead to inflated type I error rates for tests of association. When families are sampled based on disease state,
but a secondary (continuous) trait is of interest, recent simulation studies by Schifano et al. [2012] have shown that,
when there is only weak association between disease and the
secondary trait, there is only a small difference in the null
estimates of the variance components σg2 and σe2 . Regardless
of the sampling mechanism (i.e., random or nonrandom ascertainment), the authors showed that there was little to no
inflation in type I error rate. This is in agreement with previous results given by de Andrade and Amos [2000], who
showed that ascertainment bias had no effect when assessing
major-gene effects in variance-component linkage analysis.
When both the genetic markers and secondary trait are associated with disease, appropriate techniques that can account
for selected ascertainment are needed, and this is an area for
future research.
Since our initial submission of this manuscript, at least
two similar methods have been published [Chen et al., 2013;
Schifano et al., 2012]. Schifano et al. [2012] proposed the

same LMM equation, although they used the theoretical kinship matrix instead of estimated kinships. Also, their kernel
matrix formulation had a general form, whereas we worked
with the linear kernel of Wu et al. (2011). Estimation of variance components was performed by maximum likelihood
with the R function lmekin(), whereas we used FaST-LMM
which implements REML estimation. Despite this, the form
of their test statistic is essentially the same as ours. Chen
et al. [2013] started from the same LMM and then developed
their statistic through maximum likelihood principles rather
than REML, hence obtaining a different test statistic. Like
us, they used the linear kernel matrix, but they used theoretical kinship estimates. Good control of type 1 error was
demonstrated by all three papers. A comparison of speed and
performance of these three algorithms would be interesting.
The limitations of all rare variant methods also apply to
ASKAT. For example, we do not address the question of how
best to choose the region to be analyzed. This decision will
include how many variants to analyze together, what threshold for rarity, the potential overlap of regions, and how to use
annotation information about the functional consequences
of nucleotide changes. These issues apply to all region-based
tests of rare genetic variation, and all rare variant methods
suffer from a loss of power when the region analyzed contains a mixture of causal and noncausal variants. Nevertheless, our approach provides good power for analysis of rare
genetic variation in a sample containing related and unrelated
individuals.
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